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Abstract
Recently, it has been investigated how the thermodynamic functions vary when the surface
interactions are taken into account for a nucleon which is confined in a Woods-Saxon potential
well, with a non-relativistic point of view. In this manuscript, the same problem is handled with a
relativistic point of view. More precisely, the Klein-Gordon equation is solved in presence of mixed
scalar-vector generalized symmetric Woods-Saxon potential energy that is coupled to momentum
and mass. Employing the continuity conditions the bound state energy spectra of an arbitrarily
parameterized well are derived. It is observed that, when a term representing the surface effect
is taken into account, the character of Helmholtz free energy and entropy versus temperature are
modified in a similar fashion as this inclusion is done in the non-relativistic regime. Whereas it is
found that this inclusion leads to different characters to internal energy and specific heat functions
for relativistic and non-relativistic regimes.
PACS numbers: 03.65.Pm., 03.65.-w, 03.65.Ge, 05.30.-d
Keywords: Klein-Gordon equation, mixed scalar-vector potential, partition function and thermodynamics,
Woods-Saxon potential and generalized symmetric Woods-Saxon potential, bound states.
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I. INTRODUCTION
In the nineteenth century, the properties of a macro system had been examined with
a macroscopic point of view, so-called classical thermodynamics, in terms of measurable
thermodynamic variables like temperature, pressure, volume etc.. On the other hand, the
development of quantum theory in the twentieth century caused to reconsider the macro sys-
tems from the microscopic point of view. That approach, is known as statistical mechanics,
is made up of Hamiltonian dynamics and mathematical statistics. In the latter methodology,
partition function plays the central role and the dynamics of a physical system is described
with a set of quantum states. Moreover, the thermal properties of the system are deter-
mined by the multiplicity of these quantum states within partition function that depends
on temperature. Helmholtz free energy can be introduced with partition function. It is well
known that Helmholtz free energy can be introduced with partition function and its various
derivatives refer to several thermodynamic quantities, i.e. internal energy which is the mean
energy of the system, entropy which is the measure of the disorder of the system and the
specific heat which is the fluctuations in energy [1, 2]. As a consequence to determine ther-
modynamic quantities of the investigated system, let scientists gain a better understanding
of nature. Thus in the last decade, an increasing interest is seen in this field. Note that not
only non-relativistic problems [3–5] but also relativistic ones are examined by various scien-
tist [5–16]. Moreover, experimental studies was initiated to support the theoretical studies
[17].
Among the potential energies that was subjected to be investigated in relativistic or non-
relativistic equations, the Woods-Saxon (WS) potential differs from the others because it
possesses an essential role in microscopic physics. Although it was originally proposed to
calculate differential cross section of protons elastically scattered from medium or heavy
nuclei [18], after having success of being consistent with experimental results, it was widely
employed to the problems in the different fields of physics as nuclear [18–30], atom-molecule
[27, 35] with relativistic [36–45] or non-relativistic [46–51] approaches.
When WS potential energy is used to describe the confinement of a nucleon in nuclei,
the surface effects are not taken into account. In the vicinity of the surface, attractive or
repulsive forces can be dominant to keep the nucleon inside the well around the surface or
core. Such surface effects are being confronted in other physical processes, too. Such that,
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when a particle approaches to a nucleus, the incident particle should be suffered by surface
forces before the core effects. Detailed discussions can be found in the twelfth chapter of
Satchler [52]. The sum of volume and surface terms is called as the generalization of the WS
potential energy. Generalized Woods-Saxon (GWS) potential energy has been subjected on
many articles [31–34, 53–70].
Recently, the thermodynamic functions in the presence of surface interaction terms are an-
alyzed with a non-relativistic point of view [31, 32]. Basically, the solution of the Schro¨dinger
equation is used to obtain the energy spectra, which was provided in [56]. In [31] nucleon
was confined in a light nucleus while in [32] in a heavy one. Note that in both studies, bound
state solution is examined for GWS potential well. Then, the calculated bound states energy
spectra are divided to tight-bound and quasi-bound spectra. It is shown that, in heavy or
light nuclei the effect of excluding and including the quasi-bound energy spectra vary the
thermodynamic functions similarly.
In a very recent paper [33], the thermodynamic functions of an alpha particle that is con-
fined in a heavy nucleus are investigated by using the WS and GWS potential energies in the
non-relativistic point of view. More precisely, the bound state solutions of Schro¨dinger equa-
tion are calculated separately for both potential wells and the comparison of the Helmholtz
free energy, entropy, internal energy and specific heat functions are discussed in details within
the aspect of statical mechanics. Note that this comparison is done non-relativistically and
an investigation within a relativistic point of view is an open question. Answering this ques-
tion is going to fill the gap in the literature. Hence, this is the main motivation for this
study.
The present study is going to contribute to the field since its comparative results are very
interesting and differ from the non-relativistic study. The first astonishing result is the wave
numbers obey different constraints in relativistic and non-relativistic case. On the other
hand, the number of existing microstates decrease similar to the non-relativistic problem.
Thus Helmholtz free energy and Entropy functions vary similarly in relativistic case. The
other thermodynamic functions, namely internal energy and specific heat functions, do not
alter similarly. In relativistic case, the internal energy of the confined particle in the WS
well is greater than the internal energy of the confined particle in GWS well. Note that in
non-relativistic case it was opposite. As expected the specific heat function has the contrary
behavior since it is proportional to the change in the internal energy.
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The manuscript is organized as follows. Section II starts with the Klein-Gordon(KG)
equation with mixed scalar and vectorial potentials. Then, the one dimensional KG equa-
tion is solved in strong regime with generalized symmetric Woods-Saxon (GSWS) potential
energy and the required conditions to confine the particle to any GSWS potential well are
discussed. In section III, a brief definition of the thermodynamic functions that will be
compared is given. In section IV, an arbitrary potential well is constituted to calculate the
energy spectrum for a confined neutral Kaon. Meanwhile, the calculated energy spectra of
neutral Kaon particle for the two potential energies are presented. Afterwards, the parti-
tion function is constructed and the plots of the resulting thermodynamic functions of the
system are obtained. Finally, the effects of the surface interactions terms are discussed. In
the conclusion section, section V, it is mentioned that the relativistic approach results differ
from non-relativistic one in terms of behaviors of internal energy and specific heat functions
while Helmholtz free energy and entropy functions do not.
II. THE MODEL
It is assumed that the KG equation is not only coupled with a vector potential that has
a non-zero time component and vanishing spatial components, to the mass parameter by a
scalar potential. In strong regime, if the vector and scalar potential energies have positively
proportional magnitude, the time-independent KG equation of a spinless particle with a
mass m and an energy E can be written by [71][
d2
dx2
+
1
~2c2
[
(E2 −m20c4)− 2(E +m0c2)V (x)
]]
φ(x) = 0. (1)
The GSWS potential has been proposed with extra terms to the customary WS potential
by
V (x) = θ(−x)
[
− V0
1 + e−α(x+L)
+
We−α(x+L)(
1 + e−α(x+L)
)2
]
+ θ(x)
[
− V0
1 + eα(x−L)
+
Weα(x−L)(
1 + eα(x−L)
)2
]
, (2)
where θ(±x) are the Heaviside step functions [56]. The GSWS potential well is defined by
four parameters, α determines the capability of the diffusion, where L is the range of the
effective forces. The customary V0 parameter is responsible for the depth of the potential well
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besides it is proportional to measure of the surface interaction barrier W by a dimensionless
multiplier. The freedom of assigning positive or negative values to the multiplier, it is
possible to study well with a barrier or pocket. In this study only the positive case, where
bound states can be categorized by tightly-bound and/or quasi-bound states, is investigated.
The GSWS potential well in one dimension has V (−x) = V (x) symmetry. Therefore
to study the problem in one region leads to determine the whole results. Moreover, this
symmetry lets the energy spectrum be obtained from two subsets, even, Een, and odd, E
o
n,
spectra. In x < 0 region it is started by
[
d2
dx2
+ α2
[
− ǫ2 + β
2
1 + e−α(x+L)
+
γ2(
1 + e−α(x+L)
)2
]]
φL(x) = 0. (3)
where the parameters are
−ǫ2 ≡ (E
2 −m20c4)
α2~2c2
(4)
β2 ≡ 2(E +m0c
2)(V0 −W )
α2~2c2
(5)
γ2 ≡ 2(E +m0c
2)W
α2~2c2
. (6)
In the negative region
z =
[
1 + e−α(x+L)
]
−1
(7)
is used for mapping and is found that the KG equation yields to the hypergeometric dif-
ferential equations. Afterwards the analytical solutions are obtained for negative region
as
φL(z) = D1z
µ(z − 1)ν 2F1[aL, bL, cL; z]
+ D2z
−µ(z − 1)ν 2F1[1 + aL − cL, 1 + bL − cL, 2− cL; z], (8)
while for the positive region
φR(y) = D3y
µ(y − 1)ν 2F1[aR, bR, cR; y]
+ D4y
−µ(y − 1)ν 2F1[1 + aR − cR, 1 + bR − cR, 2− cR; y]. (9)
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in terms of D1, D2, D3 and D4 normalization constants and
µ ≡ ∓
√
ǫ2, (10)
=
1
α
√
−E
2 −m20c4
~2c2
, (11)
ν ≡ ∓
√
ǫ2 − β2 − γ2, (12)
=
i
α
√
(E +m0c2)(E −m0c2 + 2V0)
~2c2
, (13)
θ ≡ 1
2
∓
√
1
4
− γ2 (14)
=
1
2
∓
√
1
4
− 2(E +m0c
2)W
α2~2c2
. (15)
parameters. Note that six coefficients are defined
aL = aR ≡ µ+ θ + ν, (16)
bL = bR ≡ 1 + µ− θ + ν, (17)
cL = cR ≡ 1 + 2µ. (18)
Positive and real parameters kn and κn are defined by
kn ≡
√
−E
2 −m20c4
~2c2
, (19)
κn ≡
√
(E +m0c2)(E −m0c2 + 2V0)
~2c2
. (20)
Since the KG particle is embedded in GSWS well, it should have energy
−m0c2 < E < m0c2 (21)
within the KG gap. These conditions are studied in Fig. 1. If V0 is greater than 0 but less
than m0c
2
2
the bound states can only occur in the positive region of the KG gap. For greater
V0 but less than m0c
2 the KG gap widens to the negative region. If the depth parameter
is bigger than m0c
2, then bound states expand to whole KG gap. In literature, it is found
that this analysis has not been taken into account [55].
Before continuing, the attention of the readers should be focused on the linear correlation
between W and V0. If these two parameters are independent, the surface effect could not
play a role on the results. Therefore W is not a fabricated parameter.
The wave function solutions at infinities should fade. Thus D2 and D4 should be zero.
The continuity conditions dictate the wave function and its derivative should be equal to
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each other at x = 0 boundary. At zero two mapping parameters tend to a nonzero constant
t0,
t0 ≡
[
1 + e−αL
]
−1
. (22)
From the first condition it is found that
(D1 −D3)tµ0(t0 − 1)νM1 = 0, (23)
and similarly, from the second condition
(D1 +D3)t
µ
0(t0 − 1)ν
[(
µ
t0
+
ν
t0 − 1
)
M1 +
(µ+ θ + ν)(1 + µ− θ + ν)
1 + 2µ
M3
]
= 0 (24)
is derived. Here
M1 ≡ 2F1[µ+ θ + ν, 1 + µ− θ + ν, 1 + 2µ; t0], (25)
M3 ≡ 2F1[1 + µ+ θ + ν, 2 + µ− θ + ν, 1 + 2µ; t0]. (26)
Since t0 ≈ 1, the hypergeometric functions should be carefully examined around zero. Hence
the transformation [72]
2F1(a, b, c; q) =
Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b) 2F1(a, b, a+ b− c + 1; 1− q)
+(1− q)c−a−bΓ(c)Γ(a+ b− c)
Γ(a)Γ(b)
2F1(c− a, c− b, c− a− b+ 1; 1− q) (27)
should be employed. Then M1 and M3 can be rewritten as
M1 = S1N1 + (1− t0)−2νS2N2, (28)
M3 = S3N3 + (1− t0)−2νS4N4, . (29)
where
S1 =
Γ(1 + 2µ)Γ(−2ν)
Γ(1 + µ− θ − ν)Γ(µ + θ − ν) , (30)
S2 =
Γ(1 + 2µ)Γ(2ν)
Γ(1 + µ− θ + ν)Γ(µ+ θ + ν) , (31)
S3 =
Γ(2 + 2µ)Γ(−1− 2ν)
Γ(1 + µ− θ − ν)Γ(µ + θ − ν) , (32)
S4 =
Γ(2 + 2µ)Γ(1 + 2ν)
Γ(2 + µ− θ + ν)Γ(1 + µ+ θ + ν) . (33)
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and
N1 = 2F1[µ+ θ + ν, 1 + µ− θ + ν, 1 + 2ν; 1− t0], (34)
N2 = 2F1[1 + µ− θ − ν, 1 + µ+ θ − ν, 1− ν; 1− t0], (35)
N3 = 2F1[1 + µ+ θ + ν, 2 + µ− θ + ν, 2 + 2ν; 1− t0], (36)
N4 = 2F1[1 + µ− θ − ν, µ+ θ − ν,−2ν; 1− t0]. (37)
Consequently a subset of the energy spectra, Een, is obtained by D1 = D3 and
(D1 +D3)t
µ
0(t0 − 1)ν
[(
µ
t0
+
ν
t0 − 1
)
M1 +
(µ+ θ + ν)(1 + µ− θ + ν)
1 + 2µ
M3
]
= 0 (38)
while the other subset, Eon, is calculated by D1 = −D3 and
M1 = 0, (39)
since tµ0 and (t0 − 1)ν is nonzero. Note that the energy spectra can be obtained via tran-
scendental Eq. 38 and Eq. 39 numerically.
III. THERMODYNAMICS OF A SYSTEM
Once micro states energy spectrum of a physical system is calculated, the partition func-
tion can be written with [1]
Z(β) =
∑
n
e−βEn , (40)
to express the Helmholtz free energy as follows
F (T ) ≡ −kBT lnZ(β). (41)
Note that β is defined by the Boltzman constant kB and temperature T
β =
1
kBT
. (42)
From the fundamental thermodynamic relations, the entropy of the physical system is cal-
culated by,
S(T ) = − ∂
∂T
F (T ). (43)
8
Beside entropy, the expectation value of the energy of the system, the internal energy U(T )
is derived by
U(T ) = − ∂
∂β
lnZ(β). (44)
Finally, the measure of the energy required to raise the temperature 1K per unit mass, more
precisely the isochoric specific heat capacity Cv(T ), is defined by
Cv(T ) ≡ ∂
∂T
U(T ). (45)
IV. RESULTS AND DISCUSSIONS
In this section, modification of the thermodynamic functions by the surface interaction
effects is going to be discussed. To establish the partition function, a confined particle and
GSWS potential well parameters should be chosen. In this manuscript neutral Kaon particle,
that has rest mass energy 497.648MeV , is taken into account within a GSWS potential well
expressed with the chosen parameters as follows: α = 1fm−1, L = 6fm, V0 = 1.5m0c
2 and
W = 4m0c
2. Note that all the parameters are determined arbitrarily. The Newton-Raphson
method is used to solve Eq. 38 and Eq. 39. In Table I and Table II the calculated energy
spectra are tabulated for WS and GSWS potential wells, respectively.
Table I. The energy spectrum of the neutral Kaon particle embedded in the artificial WS potential
well.
n En(MeV ) n En(MeV ) n En(MeV ) n En(MeV ) n En(MeV )
0 −495.211 6 −277.810 12 −12.567 18 223.205 24 415.503
1 −478.229 7 −232.367 13 29.120 19 258.811 25 441.097
2 −448.020 8 187.198 14 69.898 20 293.174 26 463.762
3 −409.842 9 −142.488 15 109.750 21 326.197 27 482.471
4 −367.506 10 −98.433 16 148.611 22 357.729 28 495.095
5 −323.059 11 −55.091 17 186.454 23 387.588
Using Equation 40 the partition function is constituted. The plots of the Helmholtz free
energy and the entropy functions versus reduced temperature are given in Figure 2 (a) and
(b), respectively. In the relativistic case similar to non-relativistic one, the entropy starts
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Table II. The energy spectrum of the neutral Kaon particle confined in the artificial GSWS potential
well.
n En(MeV ) n En(MeV ) n En(MeV ) n En(MeV ) n En(MeV )
0 −492.093 4 −280.055 8 −28.447 12 206.642 16 424.562
1 −457.914 5 −215.990 9 32.022 13 262.714 17 476.444
2 −404.742 6 −152.580 10 91.307 14 317.693
3 −343.541 7 −89.941 11 149.544 15 371.663
from zero at 0K and complies with the third law of thermodynamics. As expected, the
number of the existing micro states decreases by the surface interaction effects accompanied
by the upward shift in the spectrum and results in the increase in the Helmholtz free energy
function.
Afterwards the internal energy U(T ) function is investigated in Figure 3 (a). The results
differ from the non-relativistic problem. The expectation value of the energy saturates to a
positive value in WS potential well while results in a negative value in GSWS well. They
are calculated as 40.022MeV and −7.387MeV , respectively. The initial behavior of internal
energy versus the reduced temperature is given in Figure 3 (b). At 0K the initial internal
energies are consistent with microstate’s energy spectra. Similar to the non-relativistic case,
indistinguishable internal energies become distinguishable when the reduced temperature
increases.
Finally in Figure 4 (a), the specific heat Cv(T ) versus reduced temperature is investigated.
In contrast with the non-relativistic problem, it is found that in WS well the neutral Kaon
reaches a higher value of specific heat at a higher reduced temperature compared with GSWS
well. The demonstration of the initial behavior of the specific heat is plotted in Figure 4
(b). Note that it points out that at least two values of reduced temperature either in WS
or GSWS well becomes indistinguishable for the confined neutral Kaon particle.
Before the conclusion section two more points can be clarified:
The first one is: ”Is it possible to obtain analytically closed formulas of the thermo-
dynamic functions within this problem?”. Unfortunately, the answer is ”no”, because the
energy spectrum is obtained by solving transcendental equations expressed in Eq. 38 and
Eq. 39.
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The second one is, how the corresponding equations could be modified if the three-
dimensional solutions are done. Note that in such problem, the angular momentum term
takes place in the effective potential. Usually, the exact solution of the KG equation in most
potentials like GWS for the l 6= 0 states cannot be obtained in three dimensions. To deal
with the orbital term, famous approximations such as Pekeris [73], Green and Aldrich [74]
can be used and already examined by [54]. For l = 0 states, the radial equation which has
different boundary conditions should be solved. In that case, a different energy spectrum
will be obtained [55], though the thermodynamic functions might vary.
V. CONCLUSION
In this manuscript, the bound state solution of Klein-Gordon equation with mixed scalar-
vector generalized symmetric Woods-Saxon potential is studied. The required conditions
are obtained in order to confine a particle in the potential energy well. Moreover, the
energy spectrum equations are found in the transcendental form. As an application, to
calculate the energy spectrum, the neutral Kaon particle is chosen. The potential well
is determined with arbitrary parameters excluding and including the surface effects. By
using the partition function the thermodynamic functions versus reduced temperature are
investigated. Since the energy spectrum shifted by the additional terms discussed, it is
observed that the Helmholtz free energy shifts similar to the non-relativistic case. Moreover,
the decrease of the available number of energy eigenvalue caused a decrease in entropy, as
expected. It is found out that the relativistic case differs from the non-relativistic case in
terms of internal energy and specific heat functions. Without surface effects, internal energy
saturated with a positive value, while with effects are considered with a negative value.
As a consequence, the specific heat function sailed to a higher value at a higher reduced
temperature in Woods-Saxon well.
ACKNOWLEDGEMENTS
The author would like to thank Dr. M. Erdogan, Dr. E. Pehlivan, C. Ertugay and finally
to an anonymous referee for his/her thorough review and highly appreciate the comments
and suggestions, which significantly contributed to improving the quality of the publication.
11
VI. REFERENCES
[1] F. Reif, Fundamentals of Statistical and Thermal Physics, Waveland Press Inc, Illinois, USA,
(2009).
[2] S.B. Santra, P. Ray, Statistical Mechanics and Critical Phenomena: A Brief Overview. In:
Santra S.B., Ray P. (eds) Computational Statistical Physics. Texts and Readings in Physical
Sciences. Hindustan Book Agency, Gurgaon, INDIA, (2011)
[3] S.H. Dong, M. Lozada-Cassou, J. Yu, F. Jimenez-Angeles, A.L. Rivera, Int. J. Quantum Chem.
107, 366, (2007).
[4] G. Vincze, A. Szasz, Recent Advances in Thermo and Fluid Dynamics. Chapter 3 Nonequi-
librium Thermodynamic and Quantum Model of a Damped Oscillator, InTech, London, UK,
(2015).
[5] S.M. Ikhdair, B.J. Falaye, Chem. Phys., 421, 84, (2013).
[6] A.N. Ikot, B.C. Lutfuoglu, M.I. Ngwueke, M.E. Udoh, S. Zare, H. Hassanabadi,
Eur. Phys. J. Plus 131, 419, (2016)
[7] A. Suparmi, C. Cari, B.N. Pratiwi, J. Phys. Conf. Series, 710, 012026, (2016).
[8] M.C. Onyeaju, A.N. Ikot, C.A. Onate, O. Ebomwonyi, M.E. Udoh, J.O.A. Idiodi,
Eur. Phys. J. Plus, 132, 302, (2017).
[9] H. Hassanabadi, S. Sargolzaeipor, B.H. Yazarloo, Few-Body Syst. 56, 115, (2015).
[10] M.H. Pacheco, R.R. Landim, C.A.S. Almeida, Phys. Lett. A 311, 93, (2003).
[11] M.H. Pacheco, R.V. Maluf, C.A.S. Almeida, EPL, 108, 10005, (2014).
[12] A. Boumali, Phys. Scr., 90, 045702, (2015), (109501 Corrigendum).
[13] A. Boumali, EJTP, 12, 121, (2015).
[14] A. Boumali, Z. Naturforsch A. 70, 867, (2015).
[15] A.S. Larkin, V.S. Filinov, J. Phys.: Conf. Ser., 653, 012114, (2015).
[16] A. Arda, C. Tezcan, R. Sever, Few-Body Syst., 57, 93, (2016).
[17] J.A. Franco-Villafan˜e, E. Sadurn´ı, S. Barkhofen, U. Kuhl, F. Mortessagne, T.H. Seligman,
Phys. Rev. Lett., 111, 170405, (2013).
[18] R.D. Woods, D.S. Saxon, Phys. Rev., 95, 577, (1954).
12
[19] A.K. Zaichenko, V.S. Ol’khovskii, Theor. Math. Phys., 27, 475, (1976).
[20] C.M. Perey, F.G. Perey, J.K. Dickens, R.J. Silva, Phys. Rev., 175, 1460, (1968).
[21] N. Michel, W. Nazarewicz, M. Ploszajczak, K. Bennaceur, Phys. Rev. Lett. 89, 042502, (2002).
[22] N. Michel, W. Nazarewicz, M. Ploszajczak, Phys. Rev. C 70, 064313, (2004).
[23] H. Esbensen, C.N. Davids, Phys. Rev. C 63, 014315, (2000).
[24] A. Coban, O. Bayrak, A. Soylu, I. Boztosun, Phys. Rev. C 85, 044324, (2012).
[25] S.M. Ikhdair, B.J. Falaye, M. Hamzavi, Chin. Phys. Lett., 30, 020305, (2013).
[26] M.S. Gautam, M.K. Sharma, Proc. DAE Symp. Nucl. Phys., 59, 452, (2014).
[27] M.E. Brandan, G.R. Satchler, Phys. Reports, 285, 143, (1997).
[28] A. Soylu, S. Evlice, Nucl. Phys. A, 936, 59, (2015).
[29] F. Koyuncu, A. Soylu, O. Bayrak, Mod. Phys. Lett. A, 32, 1750050, (2017).
[30] P. Salamon, A. Baran, T. Vertse, Nucl. Phys. A, 952, 1, (2016).
[31] B.C. Lu¨tfu¨og˘lu, M. Erdog˘an, Anadolu Univ. J. Sci. Tech. A Appl. Sci. and Eng., 17, 708,
(2016).
[32] B.C. Lu¨tfu¨og˘lu, M. Erdog˘an, Su¨leyman Demirel Uni. J. Nat. and Appl. Sci., 21, 316, (2017).
[33] B.C. Lu¨tfu¨og˘lu, Commun. Theor. Phys., 69, 23, (2018).
[34] B.C. Lu¨tfu¨og˘lu, J. Lipovsky´, J. Krˇ´ızˇ, Eur. Phys. J. Plus,133, 17, (2018).
[35] G.R. Satchler, Phys. Reports, 199, 147, (1991).
[36] P. Kennedy, J. Phys. A: Math. Gen., 35, 689, (2002).
[37] O. Panella, S. Biondini, A. Arda, J. Phys.A: Math. Theor., 43, 325302, (2010).
[38] O. Aydog˘du, A. Arda, R. Sever, J. Math. Phys., 53, 042106, (2012).
[39] J.Y. Guo, Z.Q. Sheng, Phys. Lett. A, 338, 90, (2005).
[40] J.Y. Guo, F.X. Zheng, X. Fu-Xin, Phys. Rev. A, 66, 062105, (2002).
[41] C. Rojas, V.M. Villalba, Phys. Rev. A, 71, 052101, (2005).
[42] H. Hassanabadi, E. Maghsoodi, S. Zarrinkamar, N. Salehi, Few-Body Syst., 54, 2009, (2013).
[43] B. H. Yazarloo, H. Mehraban, Acta Phys. Pol. A, 129, 1089, 2016.
[44] Y. Chargui, Few-Body Syst., 57, 289, (2016).
[45] P. Salamon, T. Vertse, Eur. Phys. J. A, 53, 152, (2017).
[46] M.R. Pahlavani, S.A. Alavi, Commun. Theor. Phys., 58, 739, (2012).
[47] L.S. Costa, F.V. Prudente, P.H. Acioli, J.J. Soares Neto, J.D.M. Vianna,
J. Phys. B:At. Mol. Opt. Phys., 32, 2461, (1999).
13
[48] S. Flu¨gge, Practical Quantum Mechanics Vol. I, Spinger, Berlin, GERMANY, (1994).
[49] A. Saha, U. Das, B. Talukdar, Phys. Scr., 83, 065003, (2011).
[50] H. Feizi, A.A. Rajabi, M.R. Shojaei, Acta Phys. Polon. B, 42, 2143, (2011).
[51] A. Niknam, A.A. Rajabi, M. Solaimani, J. Theor. Appl. Phys., 10, 53, (2016).
[52] G.R. Satchler, Direct Nuclear Reactions, Oxford University Press, Oxford, UK (1983).
[53] N. Candemir, O. Bayrak, Mod. Phys. Lett. A, 29, 1450180, (2014).
[54] O. Bayrak, E. Aciksoz, Phys. Scr., 90, 015302, (2015).
[55] O. Bayrak, D. Sahin, Commun. Theor. Phys., 64 259, (2015).
[56] B.C. Lu¨tfu¨og˘lu, F. Akdeniz, O. Bayrak, J. Math. Phys., 57, 032103, (2016).
[57] J.A. Liendo, E. Castro, R. Gomez, D.D. Caussyn, Int. J. Mod. Phys. E, 25, 1650055, (2016).
[58] C. Berkdemir, A. Berkdemir, R. Sever, Phys. Rev. C 72, 027001, (2005), errata 74, 027001,
(2006).
[59] V.H. Badalov, H.I. Ahmadov, A.I. Ahmadov, Int. J. Mod. Phys. E, 18, 631, (2009).
[60] B. Go¨nu¨l, K. Ko¨ksal, Phys. Scr., 76, 565, (2007).
[61] H. Koura, M. Yamada, Nucl. Phys. A, 671, 96, (2000).
[62] M. Capak, D. Petrellis, B. Go¨nu¨l, D. Bonatsos, J. Phys. G, 42, 95102, (2015).
[63] M. Capak M, B. Go¨nu¨l, Mod. Phys. Lett. A, 31, 1650134, (2016).
[64] A.N. Ikot, I.O. Akpan, Chin. Phys. Lett., 29, 090302, (2012).
[65] S.M. Ikhdair, B.J. Falaye, M. Hamzavi, Chin. Phys. Lett., 30, 020305, (2013).
[66] A.M. Kobos, R.S. Mackintosh, Phys. Rev. C 26, 1766, (1982).
[67] I. Boztosun, Phys. Rev. C 66, 024610, (2002).
[68] I. Boztosun, O. Bayrak, Y. Dagdemir, Int. J. Mod. Phys. E 14, 663, (2005).
[69] G. Kocak, M. Karakoc, I. Boztosun, A.B. Balantekin, Phys. Rev. C 81, 024615, (2010).
[70] H. Dapo, I. Boztosun, G. Kocak, A. B. Balantekin, Phys. Rev. C 85, 044602, (2012).
[71] W. Greiner, Relativistic Quantum Mechanics: Wave Equations, 3rd Ed., Springer, Berlin,
GERMANY, (2000)
[72] I.S. Gradshteyn, I.M. Ryzhik, Table of Integrals, Series and Products, 7th Ed., Academic
Press, Elsevier, USA, (2007).
[73] C.L. Pekeris, 1934. Phys. Rev., 45, 98, (1934).
[74] R.I. Greene, C. Aldrich, Phys. Rev. A 14, 2363, (1976).
14
V0
E
E=m0c
2E= −m0c2
m0c
2
m0c
2
2
V0 > 0
(E+m0c
2)(E−m0c2 +2V0)> 0
E 2 −m20c4 < 0
Figure 1. The results of the requirement to have bound states. The intersection area determines
the correlation of the depth parameter with KG gap.
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Figure 2. Helmholtz energy F (T ) (a), entropy S(T ) (b), as functions of reduced temperature.
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Figure 3. Internal energy U(T ) as functions of reduced temperature (a), the initial behavior (b).
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